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RIEMANNIAN GEOMETRY WITHOUT INDICES.
V.V.FOCK AND P.GOUSSARD
Abstract. We suggest an index-free formalism allowing to sim-
plify many computations in Riemann geometry. The main ingre-
dients are forms with values in a Clifford algebra and an action of
the group sl2 × sl2 on such forms.
1. Introduction
Working with Levi-Civita connection, curvature, Weyl and Ricci ten-
sors and in particular deriving Einstein equation out of the Hilbert
action is a painful struggle with indices (see for example [7]). In
the present note we suggest a version of Cartan-Palatini formalism
[1][2][3] allowing to make most of the computations without indices at
all. The main objects for this approach are Clifford forms: differential
forms with values in the Clifford algebra Cl(V) generated by a vec-
tor space V provided with a nondegenerate quadratic form η. Since
Clifford algebra is graded as a vector space, such differential forms
are bigraded. The corresponding graded components are denoted by
Ωpq = Ωq(M,Clp(V)). The elements of such components are called
(p, q)-forms.
Clifford forms are known to be useful to work with spinors, but here
we would like to emphasize that they simplify computations even if no
spinors are under consideration.
The Riemann metric on a manifold is replaced by a vielbein θ which
is an (1,1)-form and and a spin connection ω, which is a (2,1)-form.
The torsion can be written as a (1,2)-form t = dθ + ωθ + θω and the
curvature as a (2,2)-form R = dω + ω2. The Hilbert action takes in
these variables the form
S = str
∫
θn−2(dω + ω2),
where str denotes the super-trace on the Clifford algebra. The Hilbert
action is invariant under the gauge transformation θ 7→ g−1θg, ω 7→
g−1dg + g−1dg with g a function on the manifold with values in the
spin group considered as a subgroup of the Clifford algebra.
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In presence of the vielbein θ one can define an action of the Lie alge-
bra sl2 × sl2 on the space of Clifford forms analogous to the Lefschetz
algebra sl2 in topology of Ka¨hler manifolds. One can define two Hodge
star operator on Clifford forms acting in the fiber and in the base, re-
spectively. The algebra sl2×sl2 is generated by external multiplication
by the form θ as well as by its conjugates by the Hodge stars. This
algebra simplifies working with the suggested formalism. In particular
Einstein equation together with the first Bianchi identity in four di-
mensions amount to the invariance of the curvature tensor under this
algebra. Which in its turn implies self-duality and symmetry of the
curvature.
In the end of this paper the construction is generalized to complex
manifolds where the space of Clifford forms is Z4 graded and the algebra
sl2 × sl2 is replaced by the affine Lie algebra ŝl4.
2. Grassmann and Clifford algebras.
In this section we recall basic notions about Grassmann (exterior)
and Clifford algebras and relations between them. Then we define the
algebra of Clifford forms and the action of the algebra sl2×sl2 thereon.
A Clifford algebra Cl(V) of a vector space V provided with a nonde-
generate quadratic form η ∈ V∗⊗V∗ is an algebra generated by V with
relations vv′ + v′v = η(v, v′) for any v, v′ ∈ V. A Grassmann algebra
Λ(V) of a vector space V is an algebra generated by V with relations
vv′+ v′v = 0 for any v, v′ ∈ V. The Grassmann algebra is graded with
deg v = 1 for any v ∈ V. The corresponding graded components will
be denoted by Λi(V).
The Grassmann algebra Λ(V) faithfully acts on the Clifford algebra
Cl(V) by v ∧ a 7→ 1
2
(va + (−1)deg aav) for any v ∈ V ⊂ Λ(V) and
any homogeneous a ∈ Cl(V). This action allows to define an isomor-
phism between Grassmann and Clifford algebras as modules over the
Grassmann algebra. The isomorphism is fixed by the requirement that
1 7→ 1. Denote by Cl i(V) the subspaces of the Clifford algebra cor-
responding to the homogeneous components Λi(V) of the Grassmann
algebra with respect to this isomorphism and Πi : Cl(V)→ Cl i(V) the
projection on the corresponding component.
The component Cln(V) is of dimension one and contains two ele-
ments v such that v2 = 1. Choosing one of these two elements fixes the
orientation of the space V . There is a second action of Λ(V ) given by
v ⊢ a 7→ 1
2
(va− (−1)deg aav) and the second isomorphism correspond-
ing of Grassmann and Clifford algebras as modules sending 1 to v.
Define the Hodge star operator as the automorphism ∗ of the Clifford
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algebra as a vector space intertwining these two isomorphisms, namely
such that v ∧ (∗a) = ∗(v ⊢ a). Obviously ∗ : Cl i(V) → Cln−i(V).
The identification of Cl(V) and Λ(V) allows to consider ∗ also as an
automorphism of the Grassmann algebra (as a vector space). The ac-
tions v∧ and v ⊢ on the Clifford algebra transferred to the Grassmann
algebra are just the usual external and internal multiplication by v.
Observe that though the isomorphism of Cl(V) and Λ(V) is not
an algebra isomorphism one can express the external and the internal
product in terms of Clifford product and the projections:
x ∧ y = Πdeg x+deg yxy, x ⊢ y = Πdeg y−deg xxy.
Given a basis in the space V the Grassmann algebra can be identified
with the algebra of polynomials of nGrassmann variables ξ1, . . . , ξn and
the Hodge ∗ operator to a Grassmann Fourier transformation, see e.g.
[5], (here and below we assume the Einstein summation convention
over repeated indices):
∗f(ξ1, . . . , ξn) =
∫
eη
ijξiζjf(ζ1, . . . , ζn)dζn · · · dζ1.
One can easily verify the properties analogous to the usual Fourier
transformation:
∂
∂ξi
∗ f = ∗(ηijξjf), ξi ∗ f = ∗(ηij
∂
∂ξj
f)
Here ηij = η(ξi, ξj) is the scalar product matrix and η
ij is its inverse.
2.1. Action of the Lie algebra sl2 × sl2 on Clifford forms. Con-
sider now the algebra Ω·· = Cl(V )⊗Ω(M) of forms on an n-dimensional
manifold M with values in the Clifford algebra. Let the vielbein
θ ∈ Ω11 defines an isomorphism between the tangent bundle to M and
a trivial bundle with fiber V. One can define two Hodge ∗ operators
∗1 : Ω
pq → Ω(n−p)q and ∗2 : Ω
pq → Ωp(n−q) acting on the Clifford algebra
and on forms, respectively. Define an operator E : Ωpq → Ωp+1,q+1 by
2Ex = θx+ (−1)p+qxθ and the operators E ′ = ∗−11 E∗1, F
′ = ∗−12 E∗2,
F = ∗−11 ∗
−1
2 E ∗2 ∗1, H = p+ q − n and H
′ = p− q.
These operators satisfy the following properties:
Proposition 1. 1. The operators E, F,H,E ′, F ′, H ′ satisfy the rela-
tions of the Lie algebra sl2 × sl2, namely
[H,E] = 2E, [H,F ] = −2F, [H ′, E ′] = 2E ′, [H ′, F ′] = −2F ′
and all other pairs of generators commute.
2. degE = (1, 1), degF = (−1,−1), degE ′ = (−1, 1), degF ′ =
(1,−1), , degH = degH ′ = (0, 0).
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3. 2E ′x = θx− (−1)p+qxθ.
4. exp(pi
2
(E ′ − F ′))f(ξ1, . . . , ξn, ξ
1, . . . , ξn) =
= f(η1jξ
j . . . , ηnjξ
j, η1jξj . . . , η
njξj).
5. exp(pi
2
(E − F )) = ∗1∗2
Proof. The generators act on Clifford forms without any differentiation
so we need to verify the proposition at one point of the manifold. At one
point m ∈ M a Clifford form takes value in Cl(V) ⊗ Λ(TmM) which,
using the isomorphism defined by θ, can be identified with Cl(V) ⊗
Λ(V∗).
To make explicit computation one can further identify this algebra
with the algebra Λ(V)⊗ Λ(V∗). Given a basis in V the algebras Λ(V)
and Λ(V∗) can be identified with the space of functions of n Grassmann
variables ξi and ξ
i, respectively, and the vielbein writes down as θ =
ξi ⊗ ξ
i. The following computation in Cl(V)⊗ Λ(V∗)
2Ex =θx+ (−1)p+qxθ = ξia⊗ ξ
iα+ (−1)p+qaξi ⊗ αξ
i =
=ξia⊗ ξ
iα+ (−1)paξi ⊗ ξ
iα = ξi ∧ a⊗ ξ
iα,
(1)
where x = a⊗ α with a ∈ Clp(V) and α ∈ Ωq(M), shows that the op-
erators E and E ′ can be written in Λ(V)⊗Λ(V∗) just as multiplication
operator by ξi ⊗ ξ
i. Therefore all operators can be re written as
E = ξi ⊗ ξ
i, F =
∂
∂ξi
⊗
∂
∂ξi
H = ξi
∂
∂ξi
⊗ 1 + 1⊗
∂
∂ξi
ξi
E ′ = ηij
∂
∂ξi
⊗ ξj, F ′ = ξi ⊗ η
ij ∂
∂ξj
, H ′ = 1⊗ ξi
∂
∂ξi
− ξi
∂
∂ξi
⊗ 1.
The property 1 can be verified by a simple straightforward compu-
tation. The property 2 is obvious. The property 3 follows from the
computation similar to (1).
2E ′x = θx− (−1)p+qxθ = ξia⊗ ξ
iα− (−1)p+qaξi ⊗ αξ
i =
= ξia⊗ ξ
iα− (−1)paξi ⊗ ξ
iα = ξi ⊢ a⊗ ξ
iα = ηij
∂
∂ξj
a⊗ ξiα.
The properties 5 and 6 follow from the fact that the operators in the
left hand side conjugate the generators exactly as the operation in the
left hand side does.
The properties 2,3,5 and 6 follow from these expressions immediately.
The property 1 also can be verified by a direct computation. The prop-
erty 4 is a standard statement about finite-dimensional representations
of the algebra sl2. 
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Other obvious but useful relations are:
7. θx = (E + E ′)x, xθ = (−1)p+q(E − E ′)x,
8. Ekx = Πp+kθkx = (−1)k(p+q)Πp+kxθk,
9. Ek acting on the weight space with weight (eigenvalue of H) equal
to l is an injection if k + l 6 0 and a surjection if k + l > 0.
2.2. Supertrace. A supertrace of a Clifford algebra is a linear func-
tion on Cl(V) satisfying the identity str(ab) = (−1)deg a deg b str(ba) and
normalized by the condition that str v = 1. If n is even then the Clif-
ford algebra has a unique representation and the supertrace is given by
str a = tr a v, where tr is the usual trace in this representation. For n
odd the space V can be embedded into a space V+ of dimension n+ 1
with one extra generator ξ0 orthogonal to V. The supertrace is given
by str a = tr aξ0 v with the trace taken in the representation of Cl(V+).
The supertrace vanishes on Cl i(V) for i 6= n.
In particular for two forms α ∈ Ωpq and β ∈ Ωp
′q′ we have
strαβ = (−1)pp
′+qq′ str βα.
2.3. The action of the group Pin. The invertible elements of g ∈
Cl(V) such that g−1Cl1(V)g ⊂ Cl1(V) form a Lie group denoted by
Pin(V). The Lie algebra of this group is Cl2(V) with respect to the
commutator. It is isomorphic to the Lie algebra so(V) and acts on
the whole Clifford algebra preserving degree. The action of the group
Pin(V) obviously commutes with the action of the algebra sl2 × sl2.
3. Use of the formalism
Let M be an n-dimensional manifold and V an n-dimensional vector
space with a nondegenerate quadratic form η. Let we are given two
Clifford algebra valued 1-forms θ ∈ Ω11 and ω ∈ Ω21 such that the
form θ is nondegenerate in the sense that it induces an isomorphism at
every point of M between the tangent and a trivial bundle with fiber
V by the rule X 7→ iXθ. These data define a Riemannian or pseudo-
Riemannian metric on M and a metric preserving connection in the
tangent bundle in it. Indeed, the form ω defines a connection in the
trivial bundle with fiber V by the formula ∇e = de + ωe− eω, where
e ∈ Ω10. The isomorphism θ induces the metric and the connection on
TM .
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3.1. Gauge group action. A pair θ, ω defines the same metric and
connection as a pair θ′, ω′ if and only if there exists a gauge transfor-
mation relating them, namely if there exists a function g on M with
values in Pin(V) ⊂ Cl(V) such that θ′ = g−1θg, ω′ = g−1ωg + g−1dg.
Conversely, any metric and a connection in a tangent bundle preserv-
ing it can be represented in this way if and only if the tangent bundle
is trivializable. In particular it always can be done locally and glued
together by gauge transformations.
3.2. Curvature. The connection∇ can be extended in a standard way
to Ωpq by the formula ∇eα = (∇e)α+ edα for e ∈ Ωp0 and α ∈ Ω0q. It
can be therefore written as ∇x = dx+ ωx− (−1)qxω for any x ∈ Ωpq.
This allows to compute ∇2x = (dω + ω2)x− x(dω + ω2) and thus the
curvature takes the form
R = dω + ω2 ∈ Ω22.
3.3. Torsion. The torsion can be defined as an element t ∈ Ω12 such
that for any two vector fields X and Y onM we have iY iXt = iX∇iY θ−
iY∇iXθ− i[X,Y ]θ. Taking into account the identity iX iY dα = iY diXα−
iXdiY α + i[X,Y ]α valid for any 1-form α one can easily verify that
t = dθ + ωθ + θω = dθ + 2E ′ω.
The operator E ′ : Ω21 → Ω12 is an isomorphism since H ′|Ω21 = −1
(property 9). It implies that given θ the torsion determines the form ω
unambiguously. In particular for a given θ there exists a unique form
ω such that the torsion vanishes. A pair θ, ω for which the torsion
vanishes is called torsionless.
3.4. Bianchi identities. Computing the covariant derivative of the
torsion one gets
∇t = dt+ ωt− tω = Rθ − θR = −2E ′R.
In particular this identity implies that if the torsion vanishes we have
E ′R = 0. Since H ′R = 0 we have F ′R = 0 and therefore the curvature
form is invariant with respect to the second sl2 algebra and therefore
by the property 5 the form R considered as a function with values in
Λ2(V)⊗Λ2(V) is symmetric. The observation that the Bianchi identity
is a consequence of an sl2 invariance belongs to P.Sˇevera [6].
The second Bianchi identity ∇R = 0 can be verified by a short direct
calculation.
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3.5. Conformal transformations and the Weyl tensor. Let (θ, ω)
be a pair of Clifford forms with vanishing torsion. Let θ˜ = eφθ be a
conformal transformation of the form θ. This transformation corre-
sponds to a conformal transformation of the metric. Compute now the
induced transformation of the form ω and of the curvature R.
Proposition 2. Let θ, ω be a torsionless pair of Clifford forms, R be
its curvature and φ a function on M . Than the pair
θ˜ = eφθ, ω˜ = ω + θε− ε θ,
is also torsionless with curvature
R˜ = R− θρ− ρθ = R− 2Eρ
where
ε =
1
4
F ′dφ ∈ Ω10
and
ρ = dε+ ωε− εω + εθε ∈ Ω11.
It implies that the image of the curvature R in the cokernel of E in
Ω22 is invariant under conformal transformations. In dimension four
or higher this cokernel is nontrivial. Taking into account that for any
k we have Λ·· = imE ⊕ kerF . The projection of R onto kerF ∩ Λ22
along E(Ω11) is called the Weyl tensor and is denoted by W .
Proof. Observe first that E ′F ′α = α for α ∈ Ω01. Therefore E ′F ′dφ =
1
2
θ(F ′dφ) + 1
2
(F ′dφ)θ = dφ. The torsion and the curvature can be
computed directly:
e−φ(dθ˜ + θ˜ω˜ + ω˜θ˜) = e−φd(eφθ) + θω + ωθ+
+ θ(θε− εθ) + (θε− εθ)θ = dθ + θω + ωθ + dφθ+
+ θ(θε+ εθ)− (θε+ εθ)θ = dφ θ +
1
2
θdφ−
1
2
dφ θ = 0.
and
R˜ =dω˜ + ω˜2 = R + d(θε− εθ) + ω(θε− εθ) + (θε− εθ)ω + (θε− εθ)2 =
=− (ωθ + θω)ε+ ε(ωθ + θω)− θdε− dεθ + ω(θε− εθ) + (θε− εθ)ω+
+(θε− εθ)2 = R− θ(dε+ ωε− εω + εθε)− (dε+ ωε− εω + εθε)θ.

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3.6. Hilbert action. On the space of pairs θ, ω define the Hilbert
functional:
S(θ, ω) = str
∫
M
θn−2(dω + ω2) = str
∫
M
En−2R.
Proposition 3. The Hilbert functional is gauge invariant. The varia-
tion of this functional is
δS
δθ
=(−1)(n
2+n)/2(n− 2)En−3(dω + ω2)
δS
δω
=(−1)(n
2−n)/2En−3(dθ + θω + ωθ).
The induced closed 2-form on the space Ω11(∂M)⊕ Ωn−1,n−2(∂M) is
w = ±(n− 2) str
∫
∂M
δθEn−3δω
Since En−3 : Ω12 → Ωn−2,n−1 is an isomorphism it implies that the
vanishing of δS
δω
is equivalent to the vanishing of the torsion t = dθ+ωθ+
θω. Similarly since kerEn−3 : Ω22 → Ωn−1,n−1 = kerF : Ω22 → Ω11,
the vanishing of δS
δθ
is equivalent to the vanishing of the Ricci tensor
r = FR.
Proof. Computing the variation of the Hilbert functional
δS = str
∫
∂M
θn−2δω + str
∫
M
δS
δθ
δθ + str
∫
M
δS
δω
δω
one gets
δS
δθ
= Πn−1
(
n−3−i∑
i=0
θn−3−i(dω + ω2)θi
)
= (n−2)Πn−1
(
(dω + ω2)θn−3
)
.
On the other hand
δS
δω
=Πn−2
(
(−1)n−1dθn−2 + θn−2ω + (−1)n−1ωθn−2
)
=
=Πn−2(θn−3(dθ + ωθ + θω)).
Using the property 8 one gets the desired answer.
The expression for the 2-form is given by the variation of the bound-
ary term.
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w =δ str
∫
∂M
θn−2δω = str
∫
∂M
∑
i+j=n−3
θiδθθjδω =
= str
∫
∂M
∑
i+j=n−3
(−1)iδθΠn−1(θjδωθi) =
=(n− 2)(−1)n−1 str
∫
∂M
δθΠn−1(δωθn−3) =
=(n− 2)(−1)n−1 str
∫
∂M
δθEn−3δω.

R,W
θ,r
ω t
E ′
E
F ′
F
qp
Zoo of Clifford forms and the action of sl2 × sl2 (n = 4)
3.7. Special case n = 4. The dimension 4 of the manifoldM is special
in particular since in this case HR = 0 and the equation of motion
(Einstein equation) amounts to ER = 0. Together with the Bianchi
identity E ′R = 0 it implies that the curvature R is invariant under
the action of both sl2 algebras. In this dimension the action of the
operators ∗1 and ∗2 are involutions preserving the subspace Ω
22 and
therefore the curvature can be decomposed as R = R++ + R+− +
R−++R−− according to the eigenvalues of the operators ∗1 and ∗2. By
the property 6 the curvature R is invariant under the product ∗1∗2 and
therefore it is self-dual, i.e., R+− = R−+ = 0, see [4]. The components
R++ and R−− are symmetric and traceless, since E
2R = E ′2R = 0.
Therefore the curvature R takes value in a 10-dimensional space, which
is possible to deduce also from the analysis of the decomposition of Ω··
into irreducible components w.r.t to the sl2 × sl2 action. Namely the
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decomposition into irreducibles is given by
Ω·· = W40 ⊕W04 ⊕ C
4 ⊗W13 ⊕ C
4 ⊗W31 ⊕ C
6 ⊗W22⊕
⊕C9 ⊗W20 ⊕ C
9 ⊗W02 ⊕ C
16 ⊗W11 ⊕ C
10 ⊗W00,
whereWij is an irreducible representation with the highest weight (i, j)
of dimension (i+ 1)(j + 1).
4. Complex structure
In this section we generalize the construction for the case where the
space V is provided with a complex structure J compatible with the
metric. In order to simplify notation we rename this space, vielbein,
connection, torsion, curvature etc. into VR, θR tR, RR etc.
Recall that a complex structure of on VR is an operator J : VR →
VR with J2 = −1 and preserving the metric η, namely, such that
η(v1, v2) = η(Jv1, Jv2). Such operator gives a decomposition of the
complexification VC of the space VR into a sum of isotropic eigenspaces
of this operator VC = V ⊕ V¯ and therefore the algebra Λ(VR) ⊗
Λ((VR)∗) = Λ(V+ V¯)⊗ Λ(V∗ + V¯∗) acquires a Z4 grading. The corre-
sponding graded components are denoted by Λpp¯qq¯.
Given a complex structure in VR the vielbein θR induces a complex
structure on every tangent space to the manifoldM and thus an almost
complex structure onM . The space of Clifford forms onM is therefore
graded by Z4. We denote by Ω
···· the space of Cl(VC)-valued forms
on M . The corresponding graded components are denoted by Ωpp¯qq¯
and the whole graded algebra by Ω····. With respect to this complex
structure we have θ ∈ Ω1010 and θ¯ ∈ Ω0101. The complex structure is
integrable if dθ ∈ Ω1020⊕Ω1011 (and the component in Ω1002 vanishes).
In this case one can define a decomposition of the differential d = ∂+ ∂¯
with the property ∂ : Ωpp¯qq¯ → Ωpp¯(q+1)q¯ and ∂¯ : Ωpp¯qq¯ → Ωpp¯q(q¯+1).
4.1. Action of the algebra ŝl4 on complex Clifford forms. Define
the operators
2E0x = θx+ (−1)
(p+p¯+q+q¯)xθ, 2F1x = θx− (−1)
(p+p¯+q+q¯)xθ
2F2x = θ¯x+ (−1)
(p+p¯+q+q¯)xθ¯, 2E3 = θ¯x− (−1)
(p+p¯+q+q¯)xθ¯
Observe that E3 = ∗
−1
1 F2∗1 and F1 = ∗
−1
1 E0∗1. Define also E1 =
∗−12 F2∗2, E2 = ∗
−1
1 ∗
−1
2 E0 ∗2 ∗1, F0 = ∗
−1
1 ∗
−1
2 F2 ∗2 ∗1, H0 = n− q
′′− p,
H1 = q
′′− p′′, H3 = p
′− q′ and H2 = n− q
′− p′′. These operators have
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degrees
degE0 = (1, 0, 1, 0), degE1 = (0, 1,−1, 0), degE2 = (0,−1, 0,−1),
degE3 = (−1, 0, 0, 1), deg F0 = (−1, 0,−1, 0), degF1 = (0,−1, 1, 0),
degF2 = (0, 1, 0, 1), deg F3 = (1, 0, 0,−1), degHi = (0, 0, 0, 0).
Proposition 4. The operators {Ei, Fi, Hi} generate the action of the
affine Lie algebra ŝl4 on Ω
····
Proof. We need to check the following commutation relations:
[Ei, Fi] = Hi, [Hi, Ei] = 2Ei, [Hi, Fi] = −2Fi,(2)
[Ei, [Ei, Ei±1]] = 0, [Fi, [Fi, Fi±1]] = 0,(3)
[Ei, Fj] = 0 for i 6= j,(4)
[Ei, Ei+2] = 0(5)
Since the operators are not differential it is sufficient to check the
relation in every point of the manifold M in the algebra Λ(VR) ⊗
Λ((VR)∗) = Λ(V + V¯)⊗ Λ(V∗ + V¯∗).
Introducing a base ξi of the space V
′ one can identify the algebra
Λ(V + V¯) with polynomials of 2n Grassmann variables ξk, ξ¯k and the
algebra Λ(V∗+V¯∗)with polynomials of 2n Grassmann variables ξk, ξ¯k.
Taking into account that
∗−1
∂
∂ξi
∗ = ηij¯ ξ¯j, ∗
−1 ∂
∂ξ¯i
∗ = η i¯jξj, ∗
−1ξi∗ = ηj¯i
∂
∂ξ¯j
, ∗−1ξ¯i∗ = ηji¯
∂
∂ξj
,
and analogously for the dual variables one can write the expressions
for the generators {Ei, Fi, Hi} in the form.
E0 = ξi ⊗ ξ
i, E1 = ξ¯i ⊗ η
ji¯ ∂
∂ξj
E2 =
∂
∂ξ¯i
⊗
∂
∂ξ¯i
E3 = ηji¯
∂
∂ξj
⊗ ξ¯i,
F0 =
∂
∂ξi
⊗
∂
∂ξi
, F1 = ηij¯
∂
∂ξ¯j
⊗ ξi, F2 = ξ¯i ⊗ ξ¯
i, F3 = ξi ⊗ η
ij¯ ∂
∂ξ¯j
.
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The relations (2), (4) and (5) are obvious from the expressions of the
generators in coordinates. To prove (3) compute the commutators:
[E0, E1] = η
ij¯ ξiξ¯j ⊗ 1, [E1, E2] = 1⊗ η
ij¯ ∂
2
∂ξi∂ξ¯j
,
[E2, E3] = −ηij¯
∂2
∂ξi∂ξ¯j
⊗ 1, [E3, E0] = −1⊗ ηij¯ ξ
iξ¯j,
[F0, F1] = ηij¯
∂2
∂ξi∂ξ¯j
⊗ 1, [F1, F2] = 1⊗ ηij¯ ξ
iξ¯j,
[F2, F3] = −η
ij¯ ξiξ¯j ⊗ 1, [F3, F0] = −1⊗ η
ij¯ ∂
2
∂ξi∂ξ¯j
,
[E0, F0] = ξi
∂
∂ξi
⊗ 1 + 1⊗ ξi
∂
∂ξi
− n = p′ + q′ − n
[E1, F1] = ξ¯i
∂
∂ξ¯i
⊗ 1− 1⊗ ξi
∂
∂ξi
= p′′ − q′
[E2, F2] = n− ξ¯i
∂
∂ξ¯i
⊗ 1 + 1⊗ ξ¯i
∂
∂ξ¯i
= n− p′′ − q′′
[E3, F3] = 1⊗ ξ¯i
∂
∂ξ¯i
− ξi
∂
∂ξi
⊗ 1 = q′′ − p′
The relations (3) follow. 
Observe that the embedding sl2× sl2 → ŝl4 is given by E = E0+F2,
E ′ = E1 + F3, F = F0 + E2, F
′ = F1 + E3.
4.2. Ka¨hler condition. The Lie algebra of the unitary group (the
group preserving both the complex structure J and the scalar product
η) is embedded into the Clifford algebra as Cl11(VC). The connection
preserving unitary structure is therefore a form ωR = ω + ω¯ with ω ∈
Ω1110 and ω¯ ∈ Ω1101.
Observe that w = θθ¯ − θ¯θ ∈ Ω0011 is just an ordinary (1,1)-form.
Proposition 5. A torsion-free connection preserving the metric and
the complex structure exists if and only if the form w is closed. In this
case such connection is unique.
Proof. The torsion tR = (∂+ ∂¯)(ω+ ω¯)+(θ+ θ¯)(ω+ ω¯)+(ω+ ω¯)(θ+ θ¯)
decomposes into four components
t1020 = ∂θ + ωθ + θω = ∂θ + 2F1ω, t
0111 = ∂θ¯ + ωθ¯ + θ¯ω = ∂θ¯ + 2E3ω,
t0102 = ∂¯θ¯ + ω¯θ¯ + θ¯ω¯ = ∂¯θ¯ + 2E3ω¯, t
1011 = ∂¯θ + ω¯θ + θω¯ = ∂¯θ + 2F1ω¯,
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and vanishing of tR is equivalent to vanishing of each of these compo-
nents. It implies that
0 = E3t
1020 − F1t
0111 = E3∂θ − 2E3F1ω − F1∂θ¯ − 2F1E3ω = ∂w/2.
The last equality is a consequence of
∂w = (∂θ)θ¯ + θ¯(∂θ)− θ(∂θ¯)− (∂θ¯)θ = 2E3∂θ − 2F1∂θ¯
and of the relation [F1E3] = 0. The proof that ∂¯w = 0 is analogous
and thus the form w is necessarily closed.
Conversely, the condition dw = 0, the relation t0111 = 0 and the
invertibility of E3 : Ω
1110 → Ω0111 imply that the condition t1020 = 0
is also satisfied. Indeed the condition t0111 = 0 implies ω = −1
2
E−13 ∂θ¯.
Substituting it into the expression for t1020 one gets
t1020 = ∂θ − F1E
−1
3 ∂θ¯ = E
−1
3 (E3∂θ − F1∂θ¯) =
1
2
E−13 ∂w = 0
. 
4.3. Bianchi identity in the Ka¨hler case. In the Kahler case the
first Bianchi identity implies that only the component R ∈ Ω1111 of the
curvature RR is nonzero and that it is invariant under a subalgebra
ŝl2 × ŝl2 of ŝl4.
Proposition 6. The curvature is given by RR = R = ∂ω¯+ ∂¯ω+ωω¯+
ωω¯ ∈ Ω1111 It is invariant under the subalgebra or sˆl4 generated by
E3, F3, H3 and E1, F1, H1.
Proof. The curvature RR = (∂+ ∂¯)(ω+ ω¯) + (ω+ ω¯)2 decomposes into
three components (∂ω + ω2) ∈ Ω1120, ∂¯ω¯ + ω¯2 ∈ Ω1102 and ∂ω¯ + ∂¯ω +
ωω¯ + ωω¯ ∈ Ω1111. Prove first that ∂ω + ω2 = 0. Indeed
0 =∂t0111 = ∂ωθ¯ − θ¯∂ω − ω∂θ¯ + ∂θ¯ω =
=(∂ω + ω2)θ¯ − θ¯(∂ω + ω2) = −2E3(∂ω + ω
2)
On the other hand since H3|Ω1120 = −1 the operator E3 is bijective in
this degree and therefore ∂ω + ω2 = 0. The identity ∂¯ω¯ + ω¯2 = 0 can
be proven analogously.
Similarly 0 = ∂¯t1020 + ∂t1011 = Rθ − θR = −2E3R. On the other
hand H3R = 0 since H3|Ω1111 = 0 and therefore F3R = 0. Invariance
under E1, F1, H1 can be proven analogously. 
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4.4. Einstein equation in the Ka¨hler case. In the Ka¨hler case the
Einstein equation is equivalent to the equations F0R = 0 and E2R = 0.
In four real dimension it is equivalent to the full ŝl4 invariance of the
curvature. Indeed, the Einstein equation reads as FRR = 0. In the
complex case it amounts to (F0 +E2)R = 0. Since the two terms have
different gradings this equation is equivalent to F0R = 0 and E2R = 0.
Since in dimension four H0R = H2R = 0 it implies together with the
Bianchi identities that all generators of ŝl4 annihilate the curvature.
5. Conclusion.
First of all we hope that the developed formalism allows to simplify
learning Riemann differential geometry for students as well as to better
understand the logic of the theory. Emergence of the affine group
ŝl4 seems mysterious for us and requires better understanding of its
consequences. In the forthcoming version of the paper we plan to apply
the construction to more elaborated structures such as hyperka¨hler,
G2 and to supergravity. The main idea of the paper is presented in
the master thesis of the second author defended at the University of
Strasbourg 19/6/2017.
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